Abstract: An analysis illustrating the flow of an Ostwaldde-Waele liquid film on an unsteady stretching sheet under the influence of thermocapillary force, magnetic field and viscous dissipation is carried out. In this study, thermal conductivity is assumed to be a function of fluid temperature. Numerical solutions for the partial differential equations governing the flow are obtained by employing the elegant Runge-Kutta-Fehlberg method for certain representative values of controlling parameters, such as thermocapillarity number, magnetic field parameter, etc. Film thickness is calculated for various values of flow parameters. Film thickness of shear thinning fluids is found to be smaller than that of a Newtonian fluid and a converse trend holds true for shear thickening fluids. Thicker films are noticed for increasing values of thermocapillarity number. In the presence of thermocapillary force, an initial decrease in the velocity of a shear thinning fluid occurs before fluid velocity experiences a significant increase towards the free surface. Stronger magnetic field strengths are seen to increase the free surface velocity. Themocapillary force on temperature in a shear thinning fluid is more prominent.
Introduction
The study of boundary layer flow heat transfer characteristics with in a liquid film on a stretching sheet has gained rapid momentum in view of its varied practical applications in several fields of engineering and industry such as extrusion of polymer fibers, cooling of metallic sheets, wire and fiber coatings, drawing of plastic films, transpiration cooling etc. In manufacturing products involving boundary stretching such as in the melt spinning, an extrudate from a die is stretched into a filament or a sheet and subsequently solidified by gradual cooling with water or chilled metal rolls. In these processes heat transfer and flow characteristics of liquid films are extremely important in determining product quality and finish as quality of the end product is dependent on the cooling rate. Extrudate has finite thickness and it flows as a thin film during the stretching process, while in a coating process, the fluid in contact with the stretching surface can be treated as a thin liquid film and it is expected to obtain glossy surfaces for superior appearance (see Andersson et al. [1] ). Due to these applications, Wang [2] pioneered to explore the flow characteristics in a Newtonian thin liquid film on an unsteady stretching surface. Andersson et al. [3] extended Wang's study to analyse heat transfer. Following Wang [2] , several researchers [4] [5] [6] [7] [8] investigated the flow of Newtonian fluids in thin films under different conditions.
Majority of the fluids used in industry are nonNewtonian fluids. Further, for material processing or protective coatings, non-Newtonian fluids are a common choice. Hence, flow in a non -Newtonian liquid thin film is an area of interest in industry. However, literature reveals that works involving non-Newtonian fluid to study flow and heat transfer in thin films are limited. Power law fluid or Ostwald-de-Waele fluid is one among the popular nonNewtonian fluids. The flow characteristics in a thin powerlaw fluid film were explored by Wang and Pop [9] . Abbas et al. [10] analysed the problem of flow in a thin liquid film of second grade fluid resting on a stretching sheet. Andersson et al. [1] carried a numerical investigation of flow in a power-law fluid film on a stretching sheet. Chen [11] examined the characteristics of flow and heat transfer of power law fluid induced by an accelerating surface taking viscous heating into account.
It is pertinent to note that the characteristics of flow and heat transfer are not only influenced by the flow and thermal boundary conditions but by the physical properties of the liquid film also. Vajravelu et al. [12] examined the influence of variable thermal conductivity and viscous heating on the velocity and temperature distribution in a thin film of an Ostwald-de-Waele fluid. In a subsequent study, Vajravelu et al. [13] considered the effect of variable properties of fluid viscosity and temperature. Thermocapillary force occurs as a result of difference in surface tension at the fluid due to a temperature gradient. These gradients in surface tension can lead to an interfacial flow, which may oppose or favour the shear driven flow. Hence, it is essential to understand the influence of thermocapillary force. Dandapat and Ray [14] made an analytical study of gradual development of a MHD viscous liquid thin film over a rotating disk under the action of a thermocapillarity force deals with Newtonian fluid on a rotating disk. Dandapat et al. [15] studied the effect of thermocapillarity on heat transfer in a thin film of viscous fluid over a stretching surface. In a later investigation Dandapat et al. [16] extended this work by considering viscosity and thermal conductivity as variable properties. Maity et al. [17] explored the effect of thermocapillarity force on the two-dimensional flow in a thin film of water-based nanofluid resting on an unsteady stretching sheet considering the heating/cooling the sheet along the direction of stretching. It is observed that the rate of film thickness reduces with increase in nanoparticle volume fraction and the thermocapillarity number has a strong effect on the thickness of the film. Maity [18] examined the thermocapillarity flow of a thin copper based nano liquid film on a horizontal rotating disk. Film thickness is found to enhance with increase in nanoparticle volume fraction. It is found that a curve within the film exists which demarcates the region of heat transfer.
The motivation of this analysis is to investigate the effect of thermocapillarity on the MHD flow in a thin film of Ostwald-de-Waele fluid over a stretching surface, considering the thermal conductivity of the fluid as variable with transverse magnetic field and viscous heating. The results of this study find applications in wire coating and extrusion processes. 
Mathematical formulation
We consider an unsteady, two-dimensional, laminar flow of an incompressible thin Ostwald-de-Waele liquid film of uniform thickness h(t) resting on a horizontal stretching sheet. Physical model and coordinates are presented in Fig. 1 . Fluid flow within the film is owing to the stretching of an elastic sheet parallel to x-axis at y = 0 moving with a velocity
where b and α are positive constants with dimension (time) −1 . Temperature of the stretching surface is taken as a function of x, the distance from slot and time t, in the form given below
where T 0 is the temperature at origin, T ref is reference temperature such that 0 ≤ T ref ≤ T 0 , n is power-law index. Expression for stretching velocity (1) shows that the sheet is fixed at origin and is stretched by applying a force in x direction with a stretching rate b 1−αt which increases with time as 0 ≤ α ≤ 1. The special form of U s and Ts defined in equations (1) and (2) respectively facilitate to define a suitable similarity transformation which transforms the partial differential equations controlling the flow into a set of nonlinear ordinary differential equations.
The flow field is exposed to an influence of an external magnetic field
Film thickness is assumed to be much smaller than the characteristic length along the direction of the sheet. In-voking boundary layer approximations, equations governing the flow can be written as
where u and v are velocity components along the x and ydirections, respectively; ρ is density, τ xy is shear stress. In the present investigation we have ∂u ∂y ≤ 0 which enables us to express shear stress as
where K is consistency coefficient and n is power-law index or flow behaviour index. The value of n describes the nature of fluid. For Newtonian fluid, n takes the value 1 and K represents the dynamic coefficient of viscosity. As n differs from unity the Newtonian nature of fluid disappears and the fluid shows a non-Newtonian behaviour. For example, when n < 1 the fluid is known as a psedo-plastic or shear thinning fluid as it becomes gradually less viscous and appears to become thinner as the shear rate increases. The case of n > 1corresponds to a dilatant fluid and its viscosity gradually increases with increasing shear rates and thus appears to become 'thicker'. σ is electrical conductivity. In equation (6) , c p is specific heat at constant pressure, T is temperature and k(T) is temperature-dependent variable thermal conductivity. It is reported that the thermal conductivity k approximately varies linearly with temperature in the range from 0
• F to 400
• F (see Kays [19] ). Following Arunachalam and
Rajappa [20] the thermal conductivity is in the form
where, ΔT = (T s − T 0 ), and Ts , T 0 are temperature of the stretching sheet and temperature at the slit respectively, ϵ is a small parameter known as the variable thermal conductivity parameter and k 0 is thermal conductivity at the slit.
Radiative heat flux q r is employed according to Rosseland approximation (Brewster [21] , Raptis [22] ) such that
where σ * and k 1 are Stephan-Boltzman constant and Rosseland mean absorption coefficient respectively. Following Raptis [23] , we assume that temperature differences within the flow are sufficiently small such that T (9) we get,
The term Q (t) represents heat generation (>0) or absorption (<0) per unit volume and is defined as
where Q is internal heating parameter and is positive (negative ) in case of heat generation (heat absorption). Substituting equations (7), (8), (10) and (11) in equations (5) and (6) we obtain
The appropriate boundary conditions are
where Us is surface velocity and temperature of the stretching sheet. The assumption that surface tension is a linear function of temperature facilitates to express σ
, where δ is a positive fluid property. We introduce the following dimensionless variables f (η) and θ(η) as well as the similarity variable η:
In equation (15) (4) is satisfied automatically. β is a constant denoting the dimensionless film thickness. In terms of these new variables, momentum and energy equations together with the boundary conditions take the following form
where a prime denotes differentiation with respect to η, M = σB 
is thermocapillarity number. Parameter β is an unknown constant which must be determined as part of the boundary value problem.
From equation (14) we find that the film thickness h (x, t) can be expressed as
In case of a Newtonian film (n = 1), h is a pure function of time while for non-Newtonian films, it decreases with x for pseudo plastics or shear thinning fluid (n < 1), while the film thickness decreases in the stream wise direction for dilatant or shear thickening fluid (n > 1).
Velocity components u and v, surface drag coefficient C fx and local Nusselt number Nux can be written as
where Re x = ρU 2−n s x n /K is the local Reynolds number.
Numerical Scheme
First, the coupled ordinary differential equations (18) and (19) are reduced to a set of simultaneous first order equations as follows:
1 Pr
The corresponding boundary conditions take the form:
The governing equations (18) and (19) with the boundary conditions specified in (20) and (21) are converted into the equations (27) and (28) with boundary condition (29). The fifth order Runge-Kutta-Fehlberg method (RKF45) is employed to solve these equations and it involves the following steps to solve the initial problem If the difference between two approximations exceeds a specified value, the results can be recalculated reducing the step size. The optimal step size sh is determined by multiplying the scalar s times the current step size h. The value of the scalar is determined from
, where ϵ is the specified error control tolerence.
Here f 0 (η) = f (η) and θ 0 (η) = θ (η). This warrants the initial values f 2 (0) and θ 1 (0) and hence suitable guess values are chosen and subsequently integration is performed. A step size of Δη = 0.01 is chosen. It is required to estimate the value of β satisfying the boundary condition f 0 (1) = 2−n 2n S. Hence, it is essential to iterate the value of β until it satisfies this condition with an error of tolerance of 10 −6 . Accuracy of the present scheme is ensured by comparing the non-dimensional film thickness and local skin friction with available results in literature for a particular case when n = 1 (Newtonian fluid) and M 1 = 0 obtained by Wang [2] , Aziz et al. [24] and Vajravelu et al. [12] when
Results of the present analysis tabulated in Table 1 show a good agreement. These results i.e. the velocities are also compared with those of Dandapat et al. [15, 16] in Fig. 2 , for the 
Results and Discussion
In this investigation we analyse the characteristics of flow and heat transfer in an Ostwald-de-Waele fluid thin film, to understand the influence of thermocapillarity, magnetic field, thermal radiation and heat source/sink, under the assumption that thermal conductivity of the fluid as a variable property. It is pertinent to mention that, solution exists for small values of unsteadiness parameter S, in the range of 0 ≤ S ≤ 2. Plots of axial velocity for varying values of power law index and thermocapillarity number (M 1 ) are depicted in Fig. 3 . Axial velocity of a shear thinning fluid (n = 0.8) is found to be higher than that of the Newtonian fluid and an opposite trend is true for shear thickening fluid (n = 1.2). It is obvious that fluids with lesser viscosity have higher velocities and hence their corresponding boundary layers are thicker. In the absence of thermocapillarity force the velocity decreases asymptotically attaining its minimum value at the free surface. It is interesting to note that, in the presence of thermocapillary force the velocity decreases gradually and after attaining its minimum value it starts increasing. In the case of shear thinning fluid the minimum velocity occurs faster than that of Newtonian fluid, while for shear thickening fluid, this point of minimum velocity is observed to be away from that of the corresponding point of the Newtonian case. In the rest of the film, velocity increases gradually and ultimately assumes its free surface value. Thus thermocapillary force facilitates an outward flow along the free surface. In the case of Newtonian and shear thickening fluids, though a similar trend of velocity is noticed, the observed variation for M 1 is not as significant as in shear thinning fluids. However, magnitude of velocity variation for M 1 in shear thickening fluids is quite small. Fig. 4 depicts that the temperature decreases from its prescribed value on the boundary and asymptotically attains its minimum value on film surface. Temperature of a shear thinning fluid is seen to be higher than that of a Newtonian fluid while a counter trend is observed in the case of a shear thickening fluid. As thermocapillarity number increases, fluid temperature decreases throughout the film. However, temperature of shear thinning fluid falls rapidly for increasing values of thermocapillarity number. Further, the observed reduction in temperature for Newtonian fluids is moderate, while in shear thickening fluids, the reduction is small. Fig. 5 reveals that presence of magnetic field (M) diminishes the fluid velocity till it reaches its minimum value and starts increasing thereafter, in the remaining region of value and in the remaining portion of the fluid, velocity is considerably high. As depicted in Fig. 6 , the magnetic field significantly heats up the fluid resulting in increased temperatures. For all fluid types (1 ≤ n < 1), magnetic field enhances the temperature distribution.
As illustrated in Fig. 7 , transverse velocity increases steadily and remains stable in a shear thickening fluid for small values of unsteadiness parameter (S = 0.8). Increasing values of S result in a rapid increase of transverse velocity. Increase in velocity of shear thinning fluid is found to be directly proportional to the unsteady parameter and its maximum value attained on the surface of the film. From Fig. 8 it is evident that axial velocity decreases exponentially in a shear thickening fluid and increases as unsteady parameter values increase. For Newtonian fluids, velocity steadily decreases throughout the film. When the unsteady parameter assumes a value S = 1.2, velocity from its peak value on the boundary starts reducing to attain its minimum value on the film surface which is half of its peak value on the boundary. For shear thinning fluids, when S = 0.8, the velocity reduces steadily from its peak value of 1on the boundary, to 0.6 on the film surface. As S increases, velocity of the film surface increases. When S = 1.2 the velocity steadily reduces and attains its minimum value almost in the mid region of the film and again reaches its peak value on the film surface. It can be concluded that thermocapillarity dominates in a shear thinning fluid for higher values of unsteady parameter. Fig. 9 represents the plots of temperature for a variation in unsteady parameter S. The temperature distribution decreases asymptotically in shear thickening fluids for small value of S, while it rises with increasing values of S. In a shear thinning fluid the reduction in temperature is steady. Higher values of the unsteady parameter are found to enhance the temperature in all fluids. Fig. 10 illustrates the influence of Prandtl number (Pr) on fluid temperature. For very small values of Pr (= 0.01), the temperature in all three fluids is found to have a uniform distribution, i.e. θ(η) ≈ 1 or equivalently T = T s, throughout the liquid film. However, as Pr increases the temperature in all types of fluids decrease. This is due to the fact that increasing values of Pr amount to smaller values of thermal diffusivity. From Fig. 11 , it can be observed that the temperature rises with increasing values of thermal radiation (Nr). Larger values of Nr provide more heat to the fluid which leads to the enhancement of temperature and thickness of the thermal boundary layer. The effect of variation of Eckert number (Ec) on temperature is illustrated in Fig. 12 . It can be observed that increasing values of Ec raise the temperature distribution as expected, owing to the energy storage as a result of frictional heating in the liquid film. In a Newtonian film we observe a minor over shoot of temperature at the boundary for Ec = 1.0 while in a dilatant's film, temperature overshoots in the vicinity of the boundary and reaches maximum temperature and descends exponentially to reach its minimum value at the free surface which is less than that of the Newtonian fluid case. The temperature distribution in pseudo plastics is less than that of the Newtonian fluid with no overshoot of temperature near the boundary. Fig. 13 reveals that the temperature dependent heat source (sink) parameter Q raises (drops) the temperature. i.e., heat source (sink) parameter Q facilitates the heating (cooling) of fluid within the thin film. The plots of temperature distribution in Fig. 14 depict influence of variable thermal conductivity (ϵ). It can be noted that presence of variable conductivity ϵ ≠ 0 causes a rise in temperature as expected since increase in thermal conductivity of the fluid leads to further heating of the fluid resulting in higher temperature. This behaviour is seen in all three types of fluids under discussion.
From Table 2 , it is clear that increasing values of thermocapillarity number (M 1 ) enhances the thickness of film (β). This behaviour persists in all three fluid types. Thermocapillarity number is a measure of variation of surface tension with temperature and the thermocapillarity force acts as a tangential stress on the film surface resulting in the enhancement of the film thickness. The surface drag coefficient (f (0)) decreases with increasing values of M 1 .
Free surface temperature (θ (1)) is observed to decrease for higher values of M 1 while surface heat flux increases. From Table 3 , magnetic field parameter (M) appears to reduce the film thickness. This can be attributed to the fact that as M enhances, the strength of the lines of force enhances and consequently increased resistance is offered to the flow for thinning. Surface drag decreases with increasing values of M which is corroborated by Fig. 5 observing a reduction in velocity. Free surface temperature rises with M while surface heat flux reduces.
The dimensionless film thickness β and the absolute values of surface drag coefficient on the boundary corresponding to the axial direction are seen to decrease with increasing values of S. The same trend is noticed for all cases of n. Free surface temperature for a variation in S is tabulated in Table 4 . It shows that higher values of unsteady parameter yield higher temperature on free surface. Wang [25] also observed similar variations in nondimensional thickness and f (0) for the case of Newtonian fluid. For all cases of n, surface temperature gradient diminishes with increasing values of S.
The variation of free surface temperature with Prandtl number (Pr) presented in Table 5 reveals that free surface temperature decreases for higher values of Prandtl number. The surface temperature is found to be quite small for large values of Pr. Though the same behaviour is noticed in all types of fluids, the free surface temperature for Newtonian and shear thickening fluid vanishes for Pr = 5.0. For small values of Pr i.e. in the limiting case as Pr → 0, θ (1) tends to unit value with a uniform temperature distribution throughout the film. For higher values of Pr, influence of Pr on surface heat flux is seen to be more significant in Newtonian and shear thickening fluids.
The effect of thermal radiation (Nr) is depicted in Table 6. Thickness of the film increases with increasing values of Nr. However, the effect of Nr on β is more pronounced in Newtonian and shear thickening fluids than in shear thinning fluids. Surface drag decreases with Nr. Conversely, values of surface drag for shear thinning fluid are less than those of the Newtonian and shear thickening fluids. Free surface temperature rises with Nr. Though a similar trend is observed for all values of n, values of θ (1) in shear thinning fluids are higher. Surface heat flux shows a decreasing tendency with increasing Nr. This holds true for all values of Nr.
From Table 7 , Eckert number (Ec) is found to have an increasing influence on the film thickness. However, the variation is nominal. Free surface temperature is noticed to rise for increasing values of Ec, while surface heat flux experiences a reduction. However, in a shear thickening fluid, the surface heat flux assumes negative values which are in conformity of the observation that temperature overshoots on the boundary. Tables 8 and 9 illustrate that the effect of heat source is to increase thickness of the film, free surface temperature while the surface drag and surface heat flux show an opposite behaviour. The impact of variable thermal conductivity is observed to be qualitatively similar to that of heat source parameter.
Conclusions
In this analysis, the influence of magnetic field, thermocapillarity and thermal radiation on the flow and heat transfer characteristics in a thin Ostwald-de Waele liquid film on an unsteady stretching surface is explored. Following are some of the conclusions:
1.
In comparison with the Newtonian fluid, the velocities of the shear thinning fluid are higher while they are lesser for shear thickening fluids. The Lorentz force reduced the velocities for all types of fluids.
2.
Thermocapillarity number (M 1 ) and Prandtl number (Pr) have a decreasing influence on temperature while Eckert number (Ec), variable thermal conductivity parameter (ϵ) and thermal radiation parameter (Nr) show an enhancement for all values of the power law index n.
3.
Film thickness is increased by M 1 , Nr, ϵ and Ec while an opposite trend is seen with M and Pr for all values of power law index n.
4.
Free surface temperature is seen to reduce with M 1 and Pr while it rises with M, Nr, Ec and ϵ for all types of fluids.
